Activation of subcombination internal resonances in transversely excited cantilever beams is investigated. The effect of geometric and inertia nonlinearities, which are cubic in the governing equation of motion, is considered. The method of time-averaged Lagrangian and virtual work is used to determine six nonlinear ordinary-differential equations governing the amplitudes and phases of the three interacting modes. Frequency-and force-response curves are generated for the case Ω ≈ ω4 ≈ 1 2 (ω2 + ω5). There are two possible responses: single-mode and three-mode responses. The singlemode periodic response is found to undergo supercritical and subcritical pitchfork bifurcations, which result in threemode interactions. In the case of three-mode responses, there are conditions where the low-frequency mode dominates the response, resulting in high-amplitude quasiperiodic oscillations.
Introduction
Sometimes exciting a structure near one of its natural frequencies can result in a complex response consisting of two or more modes. This coupling among the modes is usually attributed to internal resonances inherent in a nonlinear system. One type consists of combination and subcombination internal resonances. For systems with quadratic nonlinearities, combination internal resonances have the form ω k ≈ ω i ± ω j , where the kth mode is the directly excited mode. For systems with cubic nonlinearities, combination internal reso-1 2 (ω i ± ω j ), where the mth mode is the directly excited mode (Nayfeh and Mook [7, 8] ).
Tezak et al. [14] , Yamamoto et al. [16, 17] , and Ibrahim et al. [4] investigated combination internal resonances in extensional beams, whereas Zaretzky and Crespo da Silva [18] investigated these resonances in inextensional beams. Sridhar et al. [11, 12] and Hadian and Nayfeh [3] theoretically investigated the combination internal resonance ω 3 ≈ 2ω 2 + ω 1 in clamped circular plates. They found that multimode vibrations occur only when Ω ≈ ω 3 . Sridhar et al. [11, 12] and Hadian and Nayfeh [3] found that the equilibrium solutions of the modulation equations undergo a Hopf bifurcation, which results in periodic, quasiperiodic, and chaotic motions. In these systems, the nonlinearity is cubic. On the other hand, Bux and Roberts [1] , Cartmell and Roberts [2] , and Nayfeh et al. [9] investigated combination internal resonances in systems with quadratic nonlinearities, namely two-beam structures.
Two recent experiments that clearly show the activation of subcombination internal resonances in structures were conducted by Oh and Nayfeh [10] and Tabaddor and Nayfeh [13] . Oh and Nayfeh [10] investigated the response of (−75/75/75/ − 75/75/ − 75) s epoxy-graphite cantilever plates that are transversely excited at Ω ≈ ω 8 ≈ 1 2 (ω 2 + ω 13 ) where ω 2 = 132.52 Hz, ω 8 = 1036.90 Hz, and ω 13 = 1963.90 Hz. They found that, as the forcing amplitude increases, the single-mode response undergoes a supercritical pitchfork bifurcation and the response becomes quasiperiodic. Further, as the forcing amplitude increases, the response becomes dominated by the low-frequency mode.
In the second experiment, Tabaddor and Nayfeh [13] investigated the nonlinear response of a cantilever metallic beam to a transverse harmonic excitation. When the beam was mounted vertically, they found that direct excitation of the fourth mode results in the activation of the second and fifth modes via a subcombination internal resonance. When the beam was Shock and Vibration 5 (1998) Usually, one assumes that the response amplitude of a structure to a low-amplitude high-frequency excitation is quite small and therefore the vibrations are safe. However, in certain cases, modal interactions can result in transferring energy to a low-frequency mode and in the process produce a large motion. Unless one plans for such a situation in a design, failure remains a possibility. The experiments of Oh and Nayfeh [10] and Tabaddor and Nayfeh [13] clearly show that a subcombination internal resonance can be a mechanism for this type of behavior, and hence it is very important to gain a theoretical understanding of it.
In this paper, we investigate the response of a uniform homogeneous cantilever beam to a primary resonance of one of its modes, which is involved in a subcombination internal resonance with two other modes. Both geometric and inertia nonlinearities are included, but the effects of shear deformation and rotatory inertia are neglected as the beam considered is assumed to be relatively long and thin (Timoshenko [15] ). We analyze the response using the method of time-averaged Lagrangian and virtual work (Nayfeh [5, 6] ). Then, we use the modulation equations governing the amplitudes and phases to determine the behavior of the equilibrium solutions.
Problem Formulation
For planar flexural oscillations, the nondimensional equation of motion is given bÿ
and the boundary conditions are
where the prime denotes differentiation with respect to the axial coordinate s and the overdot denotes differentiation with respect to time t. Distances are nondimensionalized using the undeformed length L of the beam and time is nondimensionalized using the characteristic time mL 4 /EI. The corresponding nondimensional Lagrangian and virtual work are given by
Next, we consider the subcombination internal resonance ω m ≈ 1 2 (ω l + ω n ) when the mth mode is excited with a primary resonance (i.e., Ω ≈ ω m ). In the presence of damping, the steady-state response of the beam will consist only of the lth, mth, and nth modes involved in the internal resonance. Therefore, we ap- (6) where the φ j (s) are the orthonormal mode shapes. For cantilever beams,
where z j is the jth root of 1 + cos(z) cosh(z) = 0. The nondimensional natural frequencies are given by
The first five natural frequencies are ω 1 = 3.516, ω 2 = 22.0345, ω 3 = 61.6972, ω 4 = 120.9019, and ω 5 = 199.8595. A first-order uniform expansion for the η j is taken in the form
where the overbar denotes the complex conjugate, ε is a small nondimensional bookkeeping parameter, T 0 = t, and T 2 = ε 2 t (Nayfeh [5] ). In order that the nonlin-earity, damping, and resonance balance, we scale F as ε 3 F and c as ε 2 c. Also, we introduce the detuning parameters σ 1 and σ 2 such that
and
We substitute Eqs (6), (9), and (10) into Eqs (4) and (5), perform the spatial integrations, retain the slowly varying terms, and obtain the time-averaged Lagrangian and virtual work as
where
Next, we apply Hamilton's extended principle
to Eqs (11) and (12) and obtain the following three complex-valued modulation equations:
Equations (19)-(21) can be converted into polar form by introducing the transformation
and separating the real and imaginary parts. The result is
There are two possible solutions: a l = 0, a n = 0, and a m = 0 and a l = 0, a n = 0, and a m = 0. When a l , a m , and a n = 0, Eqs (26)- (29) can be combined into the following two first-order differential equations for γ 1 and γ 2 :
Equations (23)- (25), (30), and (31) constitute an autonomous system of five first-order ordinary-differential equations governing the behavior of the amplitudes a l , a m , and a n and the phases γ 1 and γ 2 . The equilibrium solutions (fixed points) of Eqs (23)-(29) correspond to setting a l , a m , a n , γ 1 , and γ 2 = 0. There are two possibilities: (a) a l and a n = 0 while a m = 0 and (b) a l , a m , and a n = 0. In the first case, Eqs (24), (27), and (29b) reduce to
Squaring and adding Eqs (32) and (33), we obtain a single equation for a m in terms of the forcing amplitude F and the detuning parameter σ 2 . The result is
To determine the stability of this solution, we consider the linearized complex-valued modulation equations. We substitute
where C l and C n are constants, into Eqs (19) and (21), use Eq. (29b), and obtain
The characteristic equation for λ is given by
Equations (35) and (36) show that A l and A n grow exponentially with time and hence the single-mode solu- tion loses stability when the real part of λ crosses the imaginary axis from the left-half to the right-half of the complex plane.
For the second case, a closed-form solution is not available so that numerical methods are employed. It follows from Eqs (23) and (25) that
We note that the internal resonance defined in Eq. (10) cannot be activated if the excitation frequency is near either ω l or ω n . This is so because in these cases Eq. (40) would be replaced with
which are only satisfied when a m = a n = 0 or a m = a l = 0, respectively. To compare our analysis with the experimental results of Tabaddor and Nayfeh [13] , we next consider the resonance case Ω ≈ ω 4 ≈ 1 2 (ω 2 + ω 5 ). In Table 1 , we present the corresponding numerical values for the constants S jk , Λ, and f .
In Figs 1 and 2 , we present typical frequencyresponse curves when the forcing amplitude F = 10. In Fig. 1 , σ 1 = −5, and in Fig. 2, σ 1 = 10 . We note that the curves for both the single-and three-mode solutions are bent to the left, indicating that the effect of the nonlinearities is softening. It follows from Fig. 1 that only the fourth mode is excited; there are three branches: two are stable and one is unstable. Therefore, depending on the initial conditions, the response may have either a small or a large amplitude. On the other hand, when σ 1 = 10, it follows from Fig. 2 that the high-amplitude single-mode solution loses stability via two bifurcations: a supercritical pitchfork PF1 and a subcritical pitchfork PF2. From the first bifurcation point, branches of stable three-mode solutions emanate smoothly from the single-mode solution. Once the solution is multimodal, the amplitude of the second mode continues to grow as σ 2 is decreased, and eventually its amplitude becomes larger than that of the fourth mode. Consequently, the beam's oscillations may grow to be dangerously large, in qualitative agreement with the experimental results of Tabaddor and Nayfeh [13] . From the second bifurcation point, branches of unstable three-mode solutions emanate and a jump occurs. We note that, in the region between the two pitchfork bifurcation points, stable single-mode solutions coexist with the three-mode solutions and hence the beam response depends on the initial conditions. Going back to Eqs (34) and (39), we note that although the single-mode response is independent of the detuning parameter σ 1 , its stability is dependent on σ 1 . This can be clearly seen by comparing Figs 1 and 2(a). Changing σ 1 does not affect the shape of the single-mode curves, but it does affect their stability. We should also note that, for a lightly damped system, both the low-amplitude and high-amplitude single-mode solutions lose stability, giving rise to three-mode interactions.
The steady-state response of the free end of the beam is shown in Fig. 3 when σ 1 = 10 and F = 10. The values of σ 2 in parts (a) and (b) are −10.5 and −11.0, respectively, which lie immediately above and below the supercritical pitchfork bifurcation PF1. As σ 2 is decreased past PF1, the constant amplitude unimodal response becomes modulated due to contributions from the second and fifth modes. As σ 2 decreases further, these contributions become more pronounced, causing the amplitude of the modulated response to increase considerably, as shown in Fig. 3(c) for σ 2 = −20.
In Figs 4 and 5 we present amplitudes-response curves when σ 1 = 10. In Fig. 4 , σ 2 = −10, and in Fig. 4 that only the fourth mode is excited. When σ 2 = −15, the upper branch loses stability via a subcritical pitchfork bifurcation as F is increased, resulting in a sudden jump that marks the activation of a three-mode response.
Conclusion
The planar response of cantilever beams to subcombination internal resonances has been investigated. We used the method of time-averaged Lagrangian and virtual work to derive a set of six first-order nonlinear ordinary-differential equations governing the modulation of the amplitudes and phases. We found that the single-mode response can lose stability via supercritical and subcritical pitchfork bifurcations, giving rise to three-mode responses. Depending on the forcing frequency and amplitude, contributions from the low-frequency mode may be significant, resulting in large-amplitude oscillations of the beam, in qualitative agreement with the experimental results of Tabaddor and Nayfeh [13] .
